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Abstract. Local Noetherian domains arising as local rings of points of va- 
rieties or in the context of algebraic number theory are analytically unrami- 
fied, meaning their completion has no nontrivial nilpotent elements. However, 
looking elsewhere, many sources of analytically ramified local Noetherian have 
been exhibited over the last seventy five years. We give a unified approach to 
a number of such examples by describing classes of DVRs which occur as the 
normalization of an analytically ramified local Noetherian domain, as well as 
some that do not occur as such a normalization. We parameterize these exam- 
ples, or at least large classes of them, using the module of Kahler differentials 
of a relevant field extension. 

1. Introduction 

As early as 1935, examples were known of Noetherian rings differing in funda- 
mental ways from the Noetherian rings arising in algebraic geometry or algebraic 
number theory. In that year, fourteen years after Noether introduced the ascend- 
ing chain condition into ideal theory, Akizuki and Schmidt each gave examples 
of one-dimensional local Noetherian domains failing to have finite normalization, 
where a ring A has finite normalization if its integral closure in its total ring of 
quotients is a finitely generated A- module [TJ [3U] . Hence by a theorem of Krull, 
since the rings of Akizuki and Schmidt are one-dimensional and do not have finite 
normalization, they have nontrivial nilpotents in the completion; that is, the rings 
are analytically ramified 13 . Over the last seventy five years, other constructions 
of one-dimensional analytically ramified local Noetherian domains have been devel- 
oped; see for example [II [H [H [HI El HUl HH HH ESI HZl H£l The most well-known 
example perhaps is in Example 3 of an appendix of Nagata's Local Rings titled, 
"Examples of bad Noetherian rings." In this article we seek to unify a number 
of these examples by considering the question of which rank one discrete valua- 
tion rings (DVRs) can occur as the normalization of an analytically ramified local 
Noetherian domain. 

In considering these examples, certain themes predominate. For example, the 
constructions of Akizuki, Schmidt and Nagata all occur in an immediate extension 
of DVRs. More precisely, the examples of Akizuki, Schmidt and Nagata are of an 
analytically ramified local Noetherian ring R such that U C R C V, where U and 
V are DVRs with V = U + VJlyV (here, as throughout the paper, DJljj denotes 
the maximal ideal of the valuation ring U), and V is the integral closure of R 
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1 Although of a different spirit, Lech's construction in |15l of local Noetherian domains having 
prescribed completion can also be used to produce analytically ramified local Noetherian domains. 
Where the references cited above differ is in an emphasis on prescribed normalization rather than 
completion. For a survey that touches on each of the cited references, see |26| . 
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in its quotient field (i.e., V is the normalization of R). The choice of immediate 
extension U C V is different for each of these authors; for example, Schmidt and 
Nagata require characteristic p, whereas Akizuki does not. On the other hand, 
the examples of Schmidt and Nagata are simple integral extensions of the DVR U, 
while Akizuki's example is not even finite over U. 

One of the main goals of this article is to formalize what it is about the choices 
of U and V that permits analytically ramified local Noetherian rings to be situated 
between them. This proves to depend only on the quotient fields Q and F of U and 
V, respectively: In Corollary |4.21 we show there exists an analytically ramified local 
Noetherian domain containing U and having normalization V if and only if either 
(a) F has characteristic and F/Q is not algebraic, or (b) F has characteristic 
p > and F ^ Q[F P ). Statements (a) and (b) can be compressed into the single 
assertion that the module of Kahler differentials SIf/q for the field extension F/Q 
does not vanish. In fact, we show in Theorem l4 . 1 1 that each proper full V-submodule 
K of Slp/Q yields a different analytically ramified local Noetherian domain R with 
normalization V, the ring R consisting of "antiderivatives" for K in V; that is, 
R = V n dp^g(K), where dp/g : F — > flp/Q is the exterior differential of the field 
extension F/Q. 

While not every one-dimensional analytically ramified local Noetherian domain 
containing U and having normalization V is captured in this way, it is possible using 
Theorem 14.11 to describe precisely the rings obtained from the exterior differential: 
They are the analytically ramified local Noetherian domains R such that every ideal 
of R has a principal reduction of reduction number at most 1 ; equivalently, R has 
a nonzero prime ideal P such that P 2 = and R/P is a DVR. Following Lipman 
[17] and Sally and Vasconcelos [29], such rings are termed stable. Stable rings are 
discussed in Section 2. 

Although a one-dimensional analytically ramified local Noetherian domain R 
need not be stable, such a ring must have an analytically ramified stable ring be- 
tween it and its quotient field (see the discussion that precedes Corollary 14. 2[) . This 
observation, along with the material in Sections 4 and 5, is applied in Sections 6 
and 7 to the problem of determining which DVRs occur as the normalization of an 
analytically ramified local Noetherian domain. For example, we show that any un- 
countable DVR of equicharacteristic (e.g., a complete DVR of equicharacteristic 
0) is for each d > the normalization of an analytically ramified local Noetherian 
stable domain of embedding dimension d (Corollary 17. 2p . Similar statements hold 
when V = Z( p ) or V = k[[X]] for a field k of positive characteristic p such that 
[k : k p ] is uncountable (Theorem 17. 6f 2) ) . By contrast, if k is a perfect field of pos- 
itive characteristic, then A: [[A]] is not the normalization of an analytically ramified 
local Noetherian domain (Theorem l7.6f 1)). In general, a DVR V of positive charac- 
teristic p with quotient field F is the normalization of an analytically ramified local 
Noetherian domain if and only if there is a subfield Q of F such that F = Q + V 
and F ^ Q[P P ] (Theorem l6.5[) . All of these results concern raw existence of an an- 
alytically ramified local Noetherian domain with prescribed normalization, but in 
the case of an algebraic function field F/ k we are able to assert existence within the 
category of fc-algebras: In functions fields the valuation rings with finitely generated 
residue field that are the normalization of an analytically ramified local Noetherian 
domain in the function field are precisely the non-divisorial DVRs (Theorem 17.31) . 
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Throughout the article we focus on the unibranched case: local Noetherian do- 
mains having normalization a DVR. In general, basic ideas allow one to reduce 
things to consideration of one-dimensional analytically ramified local Noetherian 
domains R having normalization a DVR; see for example [2j Section 1] or the proof 
of Theorem 5.10 in [25] . 

All rings considered are commutative and have an identity. In addition, we use 
the following standard notation and terminology. The normalization R of a ring 
R is the integral closure of R in its total ring of quotients. The ring R has finite 
normalizaton if R is a finitely generated i?-module. When R is a quasilocal ring 
with maximal ideal M, then we denote by R the completion of R in the M-adic 
topology. When V is a valuation domain, we denote its maximal ideal by DJly ■ An 
extension of valuation domains U C V is immediate if U and V share the same 
value group and residue field. If also U and V are DVRs, then U C V is immediate 
if and only if DJljj C 9Jly and V = U + dJluV; if and only if V/U is a torsion- free 
divisible [/-module. 

2. Preliminaries on derivations and stable rings 

In this section we review some technical properties of derivations that are needed 
later, and we discuss briefly the class of one-dimensional stable rings. Let S be a 
ring, R a subring of S and L an S-module. Given a subset A of S, an A-linear 
derivation D : S — > L is an A-linear mapping such that D(st) = sD(t) + tD(s) for 
all s,t 6 S. The main properties of derivations we need are collected in (2.1) and 
(2.2). 

(2.1) The module Qg/A °f Kahler differentials. Let A C S be an extension of 
rings. There exists an S-module flg/A, along with an A-linear derivation dg/A '■ 
S — » Osm, such that for every derivation D : S — > L, there is a unique S- module 
homomorphism a : Qg/A ~ * L with D = a o dg/A] see for example, |14i Theorem 
1.19, p. 12]. The actual construction of ^5/^4 is not needed here, but we do use the 
fact that the image of dg/A in ^5/^4 generates Qg/A as an S- module O Remark 
1.21, p. 13]. The S'-module Qg/A is the module of Kahler differentials of the ring 
extension ACS, and the derivation dg/A '■ S — > £lg/A is the exterior differential of 
ACS". 

(2.2) Kahler differentials of field extensions. When F/Q is an extension of fields, 
then £If/q is an F- vector space, and hence its structure is determined entirely 
by its dimension, diniF VLp/q. If F/Q is a separably generated extension, then 
dirrii? Vtp/q = tr.deggi 7, [TH Corollary 5.3, p. 74]. If Q has characteristic p 7^ 0, 
then dimp ftp/Q is the cardinality of a p-basis of F over Q Q31 Proposition 5.6, 
p. 76]. Of particular interest is the case where ^f/q — 0. Recall that for a field 
F of characteristic p 7^ 0, F p denotes the subfield consisting of the p-powers of 
elements in F, and if Q is a subfield of F, then Q[F P ] is the subfield of F generated 
by Q and F p . Using the above ideas, along with the existence of a p-basis, the 
case where £If/q = can be discerned: When F has characteristic 0, £If/q = 
if and only if F is algebraic over Q; otherwise, when F has prime characteristic p, 
n F/Q = if and only if F = Q[F P ] 1 1 Proposition 5.7]. 

Following Lipman [17] and Sally and Vasconcelos [29], an ideal / of a ring R is 
stable if / is projective over its ring of endomorphisms. If every ideal of R containing 
a nonzerodivisor is stable, then R is a stable ring. When R is a quasilocal domain 
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(the main case which we consider in the article), stable ideals / are characterized 
by the property that there exists i E I such that I 2 = il (221 Lemma 3.1]. Thus a 
quasilocal domain R is stable if and only if every ideal has a principal reduction of 
reduction number < 1. 

(2.3) Noetherian stable rings. Since every ideal of a quasilocal stable domain has 
a principal reduction, and hence the radical of every proper ideal is the radical of a 
principal ideal, it follows that a local Noetherian stable ring has Krull dimension 1. 
A local Noetherian ring R with finite normalization is a stable ring if and only R is a 
2-generator ring, meaning that every ideal of R can be generated by 2 elements |29[ 
Theorem 2.4]. However, if R does not have finite normalization, then R need not 
be a 2-generator ring. Examples of such rings were given by Sally and Vasconcelos 
[2"9"j and Heinzer, Lantz and Shah [9] using a construction of Ferrand and Raynaud 
over a specific field of characteristic 2. We will exhibit large classes of stable rings 
without finite normalization in this article; other sources of examples can be found 
in [55]. 

(2.4) Bad stable rings. Among stable rings, our main focus is on the class of 
one-dimensional quasilocal stable domains R without finite normalization R. We 
refer to such rings as bad stable rings, where "bad" is in the sense of Nagata's 
appendix, "Examples of bad Noetherian rings," in |21j . There is a helpful extrinsic 
characterization of bad stable rings in terms of the extension R C R: A quasilocal 
domain R is a bad stable ring if and only if R is a DVR, R/R is a divisible R- 
module and every i?-submodule of R containing R is a ring; see [251 Proposition 
2.1]. In the next section, we express the last condition by saying R C R is a 
quadratic extension. Using this characterization, it is shown in |25[ Theorem 4.2] 
that a quasilocal domain R with quotient field F is a bad stable ring if and only 
if R is a DVR and R/R = ® ieJ F/R for some index set /. This in turn yields a 
characterization of bad Noetherian stable rings of embedding dimension n as those 
for which the index set / can be chosen to have n — 1 elements [25j Corollary 4.3]. 
In particular, R is a bad 2-generator ring (that is, a local 2-generator ring without 
finite normalization) if and only if R is a DVR and R/ R = F/ R. 

(2.5) The completion of a bad stable ring. Corollary 17.71 shows that a bad sta- 
ble ring need not be Noetherian. This subtlety forces us to frame the analytic 
characterization of bad stable rings in terms of the completion of R in the ideal 
topology, R = h^n R/rR, where r ranges over all nonzero elements of R. When R is 
one-dimensional Noetherian, or stable, it is easy to see that R is isomorphic to the 
usual completion R of R in its M-adic topology. In any case, a quasilocal domain 
R is a bad stable ring if and only if there is a nonzero prime ideal P of R with 
P 2 = and R/P is a DVR [25] Theorem 3.4]. Thus, among Noetherian rings, the 
bad stable domains are characterized by the property that there exists a nonzero 
prime ideal P of the M-adic completion R of R such that P 2 — and R/P is a 
DVR. 

3. Analytic isomorphisms 

The purpose of this section is prove some general results that in the next section 
will specialize to some of our main technical tools for dealing with rings in an 
immediate extensions of DVRs. The justifications for the results in this section 
involve some technical but elementary arguments which we give in a very general 



ONE-DIMENSIONAL BAD NOETHERIAN DOMAINS 



5 



setting. Our motivation for working at this level of abstraction is twofold. First, 
it comes at no extra expense of proof, since our particular setting involving DVRs 
does not seem to simplify or shorten much the arguments. Second, in |24j . we 
apply the lemmas as stated here to a more general context in which this level of 
abstraction is needed. 

Let a : K — > L be a homomorphism of A-modules, and let C be a multiplicatively 
closed subset of A consisting of nonzerodivisors of A. Following Weibel in [31] , we 
say that a is an analytic isomorphism along C if for each c G C, the induced 
mapping a c : K/cK — > L/cL : a + cK i— > a{a) + cL is an isomorphism. It follows 
that a is analytic along C if and only if a(K) P\cL = ca(K) and L — a(K) + cL for 
all c € C. We express the former condition by saying that L/a{K) is a C -torsion- 
free A-module, and the latter by saying that L/a{K) is a C '-divisible A-module. 
Similarly, an A-module T is C-torsion provided that for each t £ T, there exists 
ceC with ct = 0. 

An extension R C S is quadratic if every i?-submodule of S containing R is a 
ring; equivalently, st g sR + tR + R for all s,t € S. In light of the fact that the 
inclusion of a bad stable ring in its normalization is a quadratic extension (2.4), 
the following lemma, taken from [25[ Lemma 3.2], is relevant in a number of results 
that follow. 

Lemma 3.1. Let R C S be an extension of rings, and let C be a multiplicatively 
closed subset of R consisting of nonzerodivisors of S. If the R-module S/R is C- 
torsion and C -divisible, then the following statements are equivalent. 

(1) R C S is a quadratic extension of rings. 

(2) There exists an S-module T and a derivation D : S — > T with R — Ker D. 

(3) For all c G C, (Ril cS) 2 C cR. 

(4) S/R admits an S-module structure extending the R-module structure. 

The next lemma, which establishes the existence of a derivation associated to 
certain subrings between A and S, is the key technical result needed to frame 
the correspondence in Proposition 13.31 and for immediate extensions of DVRs in 
Theorem 14.11 The proof uses the notion of Nagata idealization (or trivialization) 
of a module. Let B be a ring and L be a S-module. Then the idealization B * L 
of L is defined as a -B-module to be B © L, and whose ring multiplication is given 
by (bi,li) ■ (b 2 ,£ 2 ) = (bib 2 , Ma + Ml) for all b u b 2 e B and 4,4 € L. Thus the 
ring B * L has a square zero ideal corresponding to L. In analogy with internal 
direct sums, we can consider decompositions of rings into idealizations. Thus if A 
is a subring of B and / is an ideal of B, then we write B = A* I when B = A + 7, 

= A n I, and I 2 = 0. It is straightforward to see that the existence of such a 
decomposition is equivalent to the presence of a derivation: B = A* I if and only 
if there exists a derivation D : B — > I such that A = Ker D and D(i) = i for all 

1 e I; cf. 14, Proposition 1.17, p. 11]. 

Lemma 3.2. Let A C R C S be an extension of rings such that R C S is a 
quadratic extension, let C be a multiplicatively closed subset of A consisting of 
nonzerodivisors of S , and suppose that the inclusion mapping A — > S is an analytic 
isomorphism along C . If S/R is C-torsion, then there exists an A-linear derivation 
D : S — > L, where L is a C -torsion-free S-module, such that D(S) — cD(S) for 
each c G C, and R = D~ l (K) for some S-submodule K of L such that L/K is 
C-torsion. 
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Proof. Define R = Urn R/cR and S = Urn S/cS, where c ranges over the elements of 
C. We denote the elements of R by ( r c + cR), where each r c £ R and for c,d £ C, 
Tc ~ f cc i £ cR. The elements of S are represented similarly as ( s c + cS ) . Let / be 
the kernel of the canonical ring homomorphism cf> : R — > S; i.e., 

I = {(r c + cR ) £ R : r c £ cS for all c £ C}. 

Define a subring A' of R by 

A' = {x £ R : x = { a c + cR ), a c £ A for all c e C}. 

We first prove the following claim. 

There is a derivation Dq : R — > J smc/i t/iat A' = Ker Do a^id 
Dq{x) = x for all x £ I. 

By the observation preceding the lemma, it is enough to show that R = A' *I. Let 
(r c + cR) £ R. Then since S/A is C-divisible, for each c £ C there exist a c £ A and 
s c £ S such that r c = a c + cs c . We claim that (a c + cR) £ A' and ( cs c + cR) £ I. 
Since each a c £ A, the first assertion amounts to showing that ( a c + cR ) £ R. Let 
c, d £ C. Then since r c — r cd £ cR, we use the fact that S/A is C-torsion-free to 
obtain 

a c - a cd =r c - r cd + cds cd - cs c £ cS D A C cR, 

and hence (a c + cR) £ R. This also shows that cds cd — cs c £ cR, and hence that 
( cs c + cR ) £ R. Therefore, ( cs c + cR ) £ I, and we have proved that R = A' + I. 
Using again the fact that S/A is C-torsion-free, we conclude that R — A' Q> I. For 
if (a c + cR) £ A'nl, then for each c£ C, a c £ cS(~)A C C R, so that (a c + cR) = 0. 

Thus to see that R = A'-kl, it remains to show that I 2 = 0. Let (cs c + cR), (cs' c + 
cR) £ I, where s c ,s' c £ S with cs ci cs' c £ R. By assumption, 7? C S is quadratic 
and the i?-module S/R is C-torsion. Also, since S/A is C-divisible, so is S/R. 
Therefore, Lemma [5TT1 is applicable, so that by (3) of this lemma, for each c £ C we 
have (cs c )(cs' c ) £ (cSnR) 2 C cR, and hence (cs c + cR)(cs' c + cR) = 0. Therefore, 
I 2 = 0, and we conclude that R = A' * I. This proves the claim that there is a 
derivation Do : R — > I such that A' = Ker Do and Dq(x) = x for all x £ I. 

We now prove the lemma. With Do and I as above, define an ^-linear derivation 
D : R ->• I by D(r) = D (( r + cR )) for all r £ R. Since R is C-torsion- free 
and I C i?, then I is also C-torsion-free. We extend D to a C-linear derivation 
D : Rc —> Ic by defining for all r £ R and c £ C: 

D (-)=-D(r). 

\cJ c 

We view I as an S'-module in the following way. For each s £ S and ( r c + cR ) £ I, 
define s ■ (r c + cR) — ( a c r c + cR), where for each c £ C, s = a c + ca c , with a c £ A 
and a c £ S. (We are using here the fact that S/A is C-divisible.) The operation 
• is well-defined, since if for some c £ C, s = b + cr, with b £ A and r £ S, then 
by Lemma 13.11 a c r c — br c — (r — a c )cr c £ (cS (1 i?) 2 C ci?. (Here we are using 
that (r c + cR) £ I implies r c £ cS fl i?.) It is now easily checked that ■ defines an 
S'-module structure on / that extends the i?-module structure on I. 

We define K to be the S'-submodule of / generated by D(R). Since S C Rc, 
we may apply D to 5, and define L to be the S'-submodule of Kc generated by 
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D(S). Observe that L/K is C-torsion since L C Kc- Moreover, D\g : S — > L is a 
derivation that extends the derivation D\r : R — > K . 

To see that R = S H D _1 (/\), suppose that s e S such that D(s) G K. Then 
since S/i? is C-torsion, there exists d G C such that (is G i?, and, since D is C- 
linear, D{ds) = dD{s) G di^T. Thus since K C R, there exists ( r c + cR ) E R with 
D(ds) = ( <ir c + ci? ). Now as we have shown, R = Ker Dq + I, so 

(ds + cR) = ( a c + cR) + ( ca c + cR) , 

where ( a c + cR ) G Ker Do and ( ca c + cR ) G 7 (and each a c is in S with ccr c G i?). 
Thus since A) 0*0 = £ f° r ah ^ G 7, 

D(ds) = D ((ds + cR)) = (ca c + cR), 

and pairing this with our previous representation of D(ds), we conclude that (ca c + 
cR ) = ( dr c + ci? ). In particular, dad — drd G dR, and since d is a nonzerodivisor 
in S, <7d~rd G R. Consequently, ad G i?. Moreover, from (ds + cR) = (a c + cR) + 
( ccr c + cR), we see that there exists p G R such that ds — dad ~ dp G AO dS C iii? 
(here we are using that S/A is C-torsion- free) . Since ci is a nonzerodivisor in S, 
this implies that s — ad — p G R. Since p £ R and we have shown that cx^ G R, we 
have then that s G i?. Therefore, R = S n D _1 (if). 

Finally, to complete the proof, we show that -0(5") is C-divisible. Let s G S* and 
c G C. Since S/A is C-divisible, there exists a G A such that s = a + ca for some 
a G 5. Since 

Ker D = A' = {( a c + cR) G -R : a c G A for all c G C}, 

it follows that D(a) = D {(a+cR)) = 0. Hence D(s) = D(a+ca) = cD(a) G cD(S), 
which proves that D(S) is C-divisible. After replacing D with D\$, the lemma is 
proved. □ 

With the aid of Lemma 13.21 we now prove the abstract version of the correspon- 
dence theorem to be given in Theorem 14. II of the next section. Abbreviate ds c /A c 
by d, and for each ring R between A and S, define an S'-submodule of Vts c /A c by: 

Sl(R) :=J2Sd(r); 

r£R 

that is, f2(i?) is the S'-submodule of VLs c /a c generated by the image of R under d. 
Our assumptions on A and S imply that £1(5") = £Is c /a c - F° r since d is Ac-linear, 
every element of Q.s c /a c 1S °f the form J^ i=1 d(ai) for some c G C and si, . . . , s„, 
<Ti, . . . , cr n G S. Since S/A is C-divisible, given an element in the above form, we 
may for each i = 1, . . . , n, write <7j = a; + cti for some at G A and Tj G S. Thus, 
since d is A-linear, we have 

— d(ai) = ^ — d(aj + cr,) = Sj d(ri) G O(S'). 

Therefore, Cl(S) = £lso/Aa> an d nence S corresponds to &Sc/Ao under the map- 
pings in the following proposition. 

Proposition 3.3. Let A C S be an extension of rings, let C be a multiplicatively 
closed subset of A consisting of nonzerodivisors of S, and suppose the inclusion 
mapping A — > S is an analytic isomorphism along C . Then the mappings 

R^Q(R) and K ^ S^d- 1 /A (K) 
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define a bijection between the intermediate rings A C R C S such that S/R is 
C-torsion and R C S is a quadratic extension, and the set of S-submodules K of 
fl(S) such that Q(S)/K is C-torsion. 

Proof. Let d — ds c /A c - First, we show these mapping are well-defined. Let K be 
an S-submodule of fl(S) such that Q(S)/K is C-torsion, and let R = S n dr l {K). 
Then R is a ring, so we need only show that R C S* is a quadratic extension and 
S/i? is C-torsion. First, if s £ S, then since tt(S)/K is C-torsion, there exists a 
nonzerodivisor c € C such that cd(s) G if. Since c € A, then d(cs) = cd(s) € if, so 
that cs € 5 l nd _1 (-ftT) = i?. Hence S/i? is C-torsion. Next, to prove that R C S is a 
quadratic extension we show that (2) of Lemma l3.il can be substantiated by R and 
5. An appeal to Lemma 13. II is possible here because S/R is, as we have just seen, 
C-torsion, and since S/R is an A-homomorphic image of the C-divisible A-module 
S/A, the i?-module S/R is C-divisible, and thus the hypotheses of Lemma \3. II arc 
satisfied. Now, to verify (2) of the lemma, define a mapping: 



where s € S. Then since d is a derivation, so is D (note that Sl(S)/K is an 
^-module, since both Vt(S) and if are). Moreover: 



Hence by Lemma 13.11 R C 5 is a quadratic extension. 

Conversely, suppose that iCJJCSjBCSisa quadratic extension and S/R 
is C-torsion. We claim that il(S)/Sl(R) is C-torsion. Let x £ ft(S) and write 
x = 5^r=i s id{o~i) for some si, . . . , s n , ci, . . . , er„ G 5. Since S'/i? is C-torsion we 
may choose c € C such that cer^ G i? for all i = 1, . . . , n. Then cx = X)"=i s id{cOi) £ 
£l(R), and this proves that Q,(S)/Q(R) is C-torsion. Therefore, the mappings in 
the theorem are well-defined. 

To see that if i— > 5 n d -1 ^) is one-to-one, suppose that if and if' are S- 
submodules of 0(5) such that tt(S) /if and ft(S) /if' are C-torsion and if ^ if'. We 
show that S'nd -1 (K) ^ SC\d~ l (K'). Without loss of generality, suppose that there 
exists k £ if \ if' , and write k = X)"=i s id{%i) for some si, . . . , s n , x%, . . . , x n £ S. 
Since ft(S) / (K K') is C-torsion, there exists c £ C such that cd(xi) £ KflK' for 
alii = 1, . . . , n. Also, since S/A is C-divisible, there exist for each i, ai £ A and 
<Ji £ S such that Sj = Oj + ctr^. Therefore, we have: 



By the choice of c, it is the case that J2 i aicd(xi) £ if n if'. Thus, since fc ^ if', 
it must be that d(J2i a i x i) K' • However, d(^. a^Xi) — fc — ^ i o-icd{x,i) £ if, so 
a^i is in 5 n d _1 (if ) but not in 5 n d _1 (if'). This proves that the mapping 
if H> S n d _1 (if) is one-to-one. 

Next we show that the mapping if i— > S n d _1 (if) maps onto the set of rings 
i? such that ACi?CS,]JC5isa quadratic extension and S/R is C-torsion. 
Suppose that R is such a ring. We claim that there exists an S'-submodule if of 
fl(S) such that Q(S)/K is C-torsion and R = S n d _1 (if). By Lemma ET21 there 
exists a C-linear derivation D : 5 — >• L such that L is a C-torsion-free ^-module; 
D(S) = cD(S) for each c £ C; and i? = D^ 1 (N) for some 5-submodule iV of L 
such that L/N is C-torsion. By extending D via the quotient rule, we may in fact 
view D as a derivation from Sc to Lp, so that R = S n D^ 1 (N). Now, as we 



D:S^ Q{S)/K : s h-> d(s) + if, 



Ker L> = {s e 5 : d(s) G if} = 5H 



(if) = JZ. 
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have shown above, Q(S) = CIs c /a C i so by the universal property of the module of 
Kahler differentials (2.1), there exists an S'-modulc homomorphism / : Q(S) — > Lc 
such that D = fod. Let K = / _1 (AT). We claim that R = S n d" 1 ^). Indeed, 
suppose that s £ S with d(s) G if. Then £>(s) = /(d(s)) G /(if) C N, so that 
s G 5 n D~ 1 (N) = R. Therefore, S n d^(K) C A". The reverse inclusion is 
clear, since C AT and D = f o d imply that d(R) C /^(AT) = if. Hence 

A = S n d- 1 ^). Finally, to see that Q(S)/K is C-torsion, let y G ft(S). Then 
f(y) G Lc, so since L/N is C-torsion, there exists c G C such that c/(y) G A 7 ', and 
hence cy G / _1 (A r ) = AT. □ 

The module fi(i2) plays a role similar to that of the module of Kahler differentials 
in that it shares some universal properties with this module: 

Lemma 3.4. Let AQ S be an extension of rings, let C be a multiplicatively closed 
subset of A consisting of nonzerodivisors of S, and suppose the inclusion mapping 
A — > S is an analytic isomorphism along C. Let L be an Sc -module, and suppose 
that there is an Ac -linear derivation D : Sc — > L such that D(Sc) generates L as an 
Sc -module. There exists a surjective Sc -module homomorphism a : Q Sc / Ac — »■ L 
such that D = a o ds c /A c and f or eac -h S-submodule K of L with Kc = L, then 
with R = SnD- 1 ^), it is the case that a(Q(R)) = K, Q(R) = a" 1 (A') and a 
restricted to Q(R) is an analytic isomorphism along C. 

Proof. Let d = ds c /A c - Since D : Sc — > L is an Ac-linear derivation and (as 
noted earlier) Q(S) = VL Sc /a C i then there exists an S^-module homomorphism 
a : Cl(S) — > L such that D = a o d; see (2.1). Since the image of D generates L, it 
follows that a is surjective. Let K be an S'-submodulc of L with Kc = L, and let 
R = S n D~ l {K). We claim first that 9.{R) = a" 1 ^). Let x G 9.{R), and write 
x = Y^i=i s id{ri), where s\, . . . , s n G S and n, . . . , r n G R. Then 

a i x ) = Y s M d ( r i)) = Y siD ( r ^ e K > 

i i 

and this shows that Q(R) C a _1 (AT). To see that the reverse inclusion holds, let 
y G a _1 (K), and write y — Yl7=i a i d ( T i) f° r some o\, . . . , a n , n, . . . , r„ G S. Since 
S/R is C-torsion, there exists c G C such that ct^ G R for all i. Also, since S/A is 
C-divisible, for each i there exist ai G A and Ui G S such that o~i = a, + cuj. Then: 

y = Y a i d ( T i) = d (Y aiTi "> + Y u i d ( CT i)- 

i i i 

By assumption a(y) G AT, so, since D = a o d, we have: 

£>(X! a * r *) + H UiD(cTi) G AT. 

Now, since for each i, CTi G R = Z? _1 (AT) n S, it follows that '^2 i UiD(cTi) G AT. 
Therefore, ^(X;, am) € AT, which shows that £\ aiT, e Sfl D -1 ^) = i?. Thus 

y = d CY aiTi ) + X! W ^( CT *) e ^(-R); 

and this proves that Q(R) = a -1 (AT). Moreover, from the fact that a(Cl(S)) = Kc 
and a-^K) = Q(R), it follows that a(Q(R)) = K. 
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Finally, to prove that a is an analytic isomorphism, note first that for each c£C, 
a induces the mapping: 

a c : n(R)/cfi(R) -> K/cK : x + cfi(i?) i-> a(x) + cK, 

where x G K . This mapping is clearly a well-defined S'-module homomorphism, 
and since a is onto, so is a c . To see that it is injective, suppose x G il(R) such that 
a(x) £ cK. Since x € there exist si, . . . , s n € 5 and r\, . . . ,r„ G -R such that 

cc = Sid(ri). For each i, write Si = a* + ce^, where <2j G A and Cj G S. Then 

i i 

Set r = X)i a i r i anc ^ 2/ = (J i c '( r i); so that cc = d(r) + cy, with y G f2(i?). 
Then using the fact that D = a o d, it follows that D(r) + ca(y) = a(x) £ cK . 
Since y £ il(R) and a(il(R)) = K, we have ca(y) £ cK. Hence D(r) £ cK. 
Now since S/A is C-divisible, we may write r = a + cs for some a £ A and 
s £ S. Thus, since D is A-linear, cD(s) = D(cs) = D(a + cs) = D(r) £ cK, and 
since L = K c is C-torsion-free, D(s) £ K. But then s £ S n = R, so 

d(r) = d(a + cs) = cd(s) £ cfl(R). Therefore, x — d(r) + cy £ cQ(R), and this 
proves that a c is injective. Hence a c is an isomorphism of S-modules. □ 

The next proposition will be useful in Section 4 for describing the completions 
of bad stable rings in immediate extensions of DVRs. 

Proposition 3.5. Let A C S be an extension of rings, let C be a multiplicatively 
closed subset of A consisting of nonzerodivisors of S, and suppose the inclusion 
mapping A — > S is an analytic isomorphism along C . Let K be a C-torsion-free S- 
module, and suppose that there is an Ac -linear derivation D : Sc ~ > Kc such that 
D(Sc) generates Kc as an Sc-module. Let R = S n D^ 1 ^). Then the mapping 

f :R^ S*K:r^ (r,D(r)) 

is an analytic isomorphism along C 

Proof. We prove the proposition by verifying three claims. 
Claim 1: For each c£ C, K = D(cS n R) + cK. 

Let c G C, and let k £ K. Then by Lemma 13.41 there exists a surjective 
S'-module homomorphism a : Q,g c ^ c — > Kc such that D = a o ds c /A c an d 
a{VL{R)) — K, Thus k = J27=i s ^( r i)j f° r some ri £ R and Sj £ S. Since S/A is 
C-divisible, for each i, we may write Si = a; + ccj for some ai £ A and Oi £ S. 
Thus, setting r — J2i a i r ii we have k = D(r) + ^2 i caiD{ri). Similarly, we may 
write r = a + cc for some a £ A and a £ S, so that ca £ cS l~l R. Thus, since 
D is A-linear, D(r) — D(ca), and we have that k = D(ca) + J2i ca i^{ r i)- Hence 
k £ D(cS n R) + cK, which verifies that K = D(cS n R) + cK. 

Claim 2: For each c£ C,cSn D^^cK) = cR. 

Let c £ C and s £ S such that D(cs) £ cK. Then cD(s) = D(cs) £ cK. Hence, 
since K is C-torsion-free, D(s) £ K. But R = S H D^(K), so s £ R. This shows 
that cS , nL»- 1 (cif) = oR. 

Claim 3: / is an analytic isomorphism along C. 

It is enough to show that the cokernel of / is C-torsion-free and C-divisible. 
First we show that the cokernel of / is C-torsion-free. Suppose that s £ S, k £ K 
and c £ C such that c • (s, k) — (r, D(r)) for some r £ R. Then D(cs) £ cK, so 
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that cs € cS H D~ l {cK). Hence by Claim 2 and the fact that c is a nonzerodivisor 
in S, s £ R. Also, since cD(s) = D(cs) = ck, and K is C-torsion-free, we have 
D(s) = k, which proves that (s, k) — (s,D(s)) £ f(R). 

Next we show that the cokernel of / is C-divisible. Let c g C and k £ K . We 
claim that (0, k) £ /(-R) + c ■ (S 1 * if). By Claim 1 we may write k = D(ca) + ck' 
for some k' £ K and a £ S such that ca £ R. Now 

(0, k) = (ca, D(ca)) + c ■ (-a, k') £ f(R) + c-(S*K). 

Thus to complete the proof that the cokernel of / is C-divisible, it suffices to show 
that for each s £ S, (s,0) £ f(R) + c- (S*K). Let s £ S. Since S/A is C-divisible, 
then S = A + cS, and we may write s — a + ca, where a £ S and a £ A. Therefore, 
since D(a) = 0, we have 

(s, 0) = (a, D{a)) + (ca, 0) £ f{R) + c-{S*K), 

and we conclude that the cokernel of / is C-divisible. □ 

Corollary 3.6. Let A C R C S be an extension of rings, let C be a multiplicatively 
closed subset of A consisting of nonzerodivisors of S , and suppose the inclusion 
mapping A — > S is an analytic isomorphism along C . If R C S is a quadratic 
extension and S/R is C -torsion, then the mapping 

f :R^S*n(R) : r h-> (r,d(r)) 

is an analytic isomorphism along C . 

Proof. The ^-module f2(i?) is generated by dg c /a c (R), and by Proposition 13.31 
R = S C dg^, Ac (Q(R)), so the corollary follows from Proposition ^. 51 □ 

4. Stable rings between DVRs 

We apply the results of the previous section on analytic isomorphisms to our 
main case of interest, where A C S is an immediate extension of DVRs. It is 
straightforward to check that the inclusion mapping of an immediate extension 
U C V of DVRs is an analytic isomorphism along the multiplicatively closed set 
C = U\ {0} and that Uc and Vc are the quotient fields of U and V, respectively, so 
all of the results of the previous section can be translated into the present context. 
Let Q and F denote the quotient fields of U and V, respectively. We consider rings 
R between U and V, and as in the last section we associate to each such ring the 
V^-submodule il(R) of VL f iq generated by dp/q{R)\ that is, 

Q(R) :=J2Vd F/Q (r). 

r£R 

The correspondence in Proposition 13.31 translates now into the form given in The- 
orem 14.11 Recall that when L is a torsion-free module over a domain, then a 
submodule K of L is full if L/K is a torsion module. 

Theorem 4.1. Let U C V be an immediate extension of DVRs having quotient 
fields Q and F, respectively. There is a one-to-one correspondence between bad 
stable rings R with U C R C V and normalization V , and proper full V -submodules 
K °f ^f/q given by 

R i y ft(R) andK^VD d F ) (K). 
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Proof. Iii light of Propositioii l3.3l with C — U\{0}, all that needs to be verified for 
the correspondence is that a ring R between U and V is stable with normalization 
V if and only if R C V is a quadratic extension and V/R is a torsion iJ-modulc. 
If R is stable with normalization V, then V/R is a torsion R- module. Since R has 
dimension one and dominates U, it follows that QR = F, and hence V/R is torsion 
not just as an R- module, but as a U- module also. Moreover, by (2.4), R C V is 
a quadratic extension. Conversely, if V/R is a torsion {/-module and R C 1/ is a 
quadratic extension, then i? and share the same quotient field F, and since i? C V 
is an integral extension and V is a DVR, it follows that V is the normalization of 
R. Hence by (2.4), R is either equal to V or R is a bad stable ring. □ 

The theorem makes it possible to pinpoint when there is an analytically ramified 
local Noetherian /7-subalgebra of V having normalization V. To prove this we 
recall a fact due to Matlis that every one-dimensional analytically ramified local 
Noetherian domain has a bad 2-generator overring [181 Theorem 14.16]. This result 
is proved from a different point of view in [351 Theorem 5.10]. In fact, for the 
purposes of the corollary, Theorem 15.11 below would also suffice. 

Corollary 4.2. Let U C V be an immediate extension of DVRs with quotient fields 
Q and F , respectively. Then the following are equivalent. 

(1) There exists an analytically ramified local Noetherian domain containing U 
and having normalization V . 

(2) Either F has characteristic and F/Q is not algebraic, or F has charac- 
teristic p>0 and F ^ Q[F P }. 

Proof. If there exists an analytically ramified local Noetherian domain A containing 
U and having normalization V, then as discussed before the corollary, there exists a 
bad stable ring R containing A and having normalization V. Thus by Theorem 14. 1[ 
Qf/q 0- By (2.2), the nonvanishing of ^f/q is equivalent to (2) being valid for 
F/Q. Therefore, by Theorem 14. 1[ to prove the converse it suffices to note that the 
nonzero F- vector space Qf/q contains a proper full y-submodule. □ 

Remark 4.3. The idea of constructing analytically ramified local Noetherian do- 
mains using derivations originates with Ferrand and Raynaud in 6]. Their method, 
along with a generalization by Goodearl and Lenagan ]8i , motivates Theorem 14. \\ 
although our approach and results differ. The connection with the articles [6] and 
[8] is more evident in |24j . 

Also to R we associate the following cardinal number, which did not have an 
analogue in the last section: 

e R := dim v/OTl , n(R)/m v Q{R). 

We see in the next theorem that this cardinal is one less than the embedding 
dimension of R. In the theorem, we deduce from Corollary 13.61 a description of 
the completions of bad stable rings between U and V. Recall from (2.5) that the 
M -adic completion R of a bad stable ring R has a prime ideal P such that P 2 = 
and R/P is a DVR. Theorem 14.41 shows that P splits R, making R an idealization. 
In the theorem, R denotes the completion of R in the M-adic topology, where M is 
the maximal ideal of R, while V and f2(i?) denote the completions of V and 
in the 9Jty-adic topology (which since M is stable and V is a DVR is easily seen to 
coincide with the M-adic topology). 
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Theorem 4.4. Let U C V be an immediate extension of DVRs having quotient 
fields Q and F, respectively, and let R be a stable ring between U and V with 
normalization V . Then the following statements hold for R. 

(1) The mapping f defined by 

f:R^V*n(R):r^(r,d F/Q (r)) 
lifts to an isomorphism of rings: 

R^V*Q{R). 

(2) R is Noetherian (with embedding dimension €r + 1) if and only if en is 
finite. 

(3) The dimension of the F-vector space Qf/q is at least €r. 

Proof. (1) Observe that V/R is C-torsion for C = U \ {0} since F = QV = QR. 
Thus by Corollary 13.61 for each 7^ c G U, the induced mapping 

f c :R/cR^ V/cV * Q(R) /cQ(R) 

is an isomorphism of [/-algebras. A straightforward verification using the fact that 
dp/Q is [/-linear shows then that the mapping f c induces an isomorphism of rings: 

hm i?/ci?^ (^mV/cV)*(]^mn(R)/cn(R)), 

where the inverse limits range over all 7^ c g U. Since R is stable, the maximal 
ideal M of R has the property that M 2 = mM for some m C M. Since R is 
one-dimensional, then ^JmR = \[cR = M for any choice of 7^ c € Wljj- Moreover, 
since M 2 C mR C M, it follows that for each / c £ %Rui there is a power of 
M contained in cR. Therefore, R is isomorphic to hmR/cR. Also, since U QV is 
an immediate extension, it follows that V is isomorphic to ^imVycV and Q(i?) is 
isomorphic to lim f2 (R) /cSl (R) . Therefore, since all the maps involved are natural, 
/ lifts to the isomorphism in the theorem. 

(2) Let K = Q{R). By Corollary GH the mapping f c : R/cR V/cV * K/cK 
is an isomorphism for each 7^ c G U . Since R has dimension 1 and the maximal 
ideal of R contains DJlu , every principal ideal of R contains a power of some nonzero 
element of U. From this it follows that R is a Noetherian domain if and only if for 
each 7^ c G U, K/cK is a finitely generated V- module. Thus if R is a Noetherian 
domain, it must be that K/DJlyK is a finitely generated ^-module, and hence its 
dimension eu as a V/dJly- vector space is finite. Conversely, if K/dJlyK has finite 
dimension as a VySOV-vector space and 7^ c G BJlu> then since DJly = cV for some 
k > 0, it follows that K/cK is a finitely generated V^-module. Thus if is finite, 
then R is Noetherian. The assertion about embedding dimension now follows from 
(1) and the fact that finitely generated modules over DVRs are free. For by the 
theorem, R = V-kSl(R), and when R is Noetherian, so is R, so that il(R) is a 
finitely generated free y-modulc. Its rank is cr, so the embedding dimension of R 
is one more than this rank. 

(3) Let 9JI = Tlv, K = Opyg and d = dp/Q. A consequence of Claim 1 in the 
proof of Theorem 13.51 is that K = d(R) + VJIK. Thus we may choose a collection 
B of elements of R such that {d(r) : r G B} consists of representatives of basis 
elements of the F/fDT-vector space K/VJIK. To prove (3) then, it suffices to show 
that the elements d{r), r G B, are linearly independent elements of the F- vector 
space Qp/Q. To this end, suppose that r%, . . . ,r m G B and s%, . . . , s m G F such 
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that sid(ri) + • • • + s m d(r m ) — 0. By clearing denominators, we may assume that 
each Si € V. Moreover, if each Sj £ SOT, then we may divide by the generator of 
the principal ideal 2H of the DVR V until some Sj, say si, is in V \ 9Jt. But then 
si + 971 is a nonzero coefficient of d(n) + in the equation 

rn 

^(s 4 + M)(d(n) + WtK) = + MK, 

8=1 

which forces the images of d(ri), . . . , d{r m ) to be linearly dependent in the V/VJl- 
vector space K/ffltK. This contradiction proves that e# < dim F Clp/Q. □ 

5. Local rings between DVRs 

In the last section we considered stable rings in an immediate extension of DVRs. 
In this section, we consider extensions U C A C V where U C V is an immediate 
extension of DVRs and A is a local Noetherian domain birationally dominated by 
V, and in this more nuanced setting we describe the bad stable rings between A and 
V. To illustrate how such a setting can occur, consider a local Noetherian domain 
A containing a field k such that A — k + m, where m is the maximal ideal of A. 
Then straightforward arguments show that there exist DVRs U and V such that 
U C A C V and V birationally dominates A if and only if there is an embedding 
/ : A — > k[[T]], where T is an indeterminate for k, such that mfc[[T]] = Tk[[T}}. 
Geometrically, the existence of such an embedding / can be expressed as saying 
that there is a fat, nonsingular fc-arc Spec(fc[[T]]) — > Spec(A); see for example |12) . 

Returning to the abstract setting U C A C V, recall that a quasilocal domain B 
birationally dominates A if A C B, A and B have the same quotient field and the 
maximal ideal of A is contained in the maximal ideal of B. Using the subring U of 
A, we describe the smallest bad stable ring between A and V. This provides a some- 
what natural source of one-dimensional analytically ramifed Noetherian domains 
birationally dominating local Noetherian domains. 

Our focus in this section is on a specific ring between A and V, the ring given 
by R — Ker dy/A, where dy/A '■ V ~^ ^v/A is the exterior differential of the ring 
extension V/A. Since dy/A is a derivation, R — Ker dy/A is a ring between A and 
V. Our interest in this ring lies in the fact that it is the smallest bad stable ring 
between A and V. More precisely, in [351 Theorem 5.9] it is shown that if B is a 
local Noetherian domain with maximal ideal m and W is a DVR which birationally 
dominates B and has the property that W — B + mW (in which case we say that W 
tightly dominates B), then the ring Ker dyy/B is a bad stable ring that is contained 
in every stable ring between B and W; equivalently, this kernel is the smallest 
ring between B and W which forms a quadratic extension with W . It is not clear 
whether in the general context just mentioned for B the kernel must always be a 
Noetherian ring. However, in the setting of this article, it is not only Noetherian, 
but its maximal ideal is extended from that of the base ring: 

Theorem 5.1. Let U C AC. V be an extension of local Noetherian domains, where 
U QV is an immediate extension of DVRs and V birationally dominates A. The 
ring R = Ker dy/A is a bad Noetherian stable ring that tightly dominates A; R has 
normalization V; R has maximal ideal mi? extended from the maximal ideal m of 
A; and R is contained in every stable ring between A and V . 
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Proof. Observe that m = 9Jty n A, since V dominates A. Since U C V is an 
immediate extension, dJlu = DJlv H f , and hence £DTc/ = m n J7. The maximal 
ideal of U extends to the maximal ideal of V, and hence dJtv — mV. Also from 
the immediacy of the extension, V = U + mV, so that necessarily V = A + mV. 
Therefore, V tightly dominates A, and hence as noted before the theorem, R is 
a bad stable domain with normalization V that is contained in every stable ring 
between A and V. Thus it remains to show that R tightly dominates A and R 
is Noetherian with maximal ideal mi?. Since R has Krull dimension 1 and m is 
a finitely generated ideal of A, it suffices to prove that R = A + mR. But from 
V = A + mV we deduce that R = A + (mV n R), and hence the residue field of R 
is isomorphic to that of A. Therefore, all that remains to prove is that mi? is the 
maximal ideal of R. 

We claim that fi(JJ) = ft (A), and we prove first that [1(A) is a full F-submodule 
of [If/q, where Q and F are the quotient fields of U and V, respectively. To 
simplify notation let d = dp/Q, Let / G F. Then / = # for some a, b G A, so by 
the quotient rule, 

g ■ d(b) - b ■ d(a) 
= > 

and hence b 2 ■ d(f) € fl(A). Since £If/q is generated as an F-vector space by 
elements of the form d(f), it follows that [1(A) is a full F-submodule of [If/q- 

Next we show that i? = V H d^ 1 (fl(A)). Let T — V (1 d^ 1 (Q(A)), so that the 
claim is then that i? = T. By Theorem 14.11 either T = V or T is a bad stable 
domain with normalization V. Either way we have by the minimality of i? among 
the class of stable rings between A and V that i? C T, so we need only argue the 
reverse inclusion that T C R. Now by Theorem |4~T1 R = V C\ d^ 1 (fl(R)) . But since 
clearly [1(A) C 0(i?), we see that 

t = vnd -1 (n(A)) c v nd~ 1 (n(R)) = r. 

This proves that R = T. In fact, since Cl(R) and 17(A) are full l/-submodules of 
[If/q, an d as we have just shown, V n d _1 (fi(A)) = V n d^ 1 ([l(R)), then from 
Theorem IO we conclude that [1(A) = Sl(R). 

Having established that R — V n c?~ 1 (Jl(A)), we now use this fact to prove that 
i? has maximal ideal mi?. Since V is a DVR with maximal ideal DJly = and 
the maximal ideal m fl U of U extends to mV (we are using here the immediacy of 
the extension U C V), there exists t £ mPiU such that 9Jt[/ = tC/ and 9Jly = 
By Theorem 14. 4( 1) there is an isomorphism of [/-algebras: 

R/tR — > Vy*V*fi(A)/flu!(A). 

As such, this isomorphism carries the maximal ideal of R/tR to the maximal ideal 
of the image, and so induces the isomorphism: 

a : M/tR-+ MV/tV *£l(A)/ffi(A) :m + tR^ (m + tV,d(m)+t£l(A)). 

Since tV C MV C V" (the properness of the last inclusion is a consequence of the 
fact that R C V is integral) and mV = tV is the maximal ideal of V, it must be 
that MV = tV. Therefore, the mapping a induces an isomorphism of [/-modules: 



P : M/tR ->• Q(A)/t[l(A) :m + tR^ d(m) + tfl(A). 
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Write m = (xi, . . . , x n )A. We show that M = (t, x%, . . . , x n )R, hence proving that 
M = mR. In light of the isomorphism (3 it suffices to prove 

Q(A) = Ud{ Xl ) + ■■■ + Ud(x n ) + tfl(A). 

Moreover, since V — U + tV and Fl(A) is generated as a l^-module by the elements 
d(b), b £ A, it is enough to show that for all b £ A, 

d(b) E Ud{x x ) + ■■■ + Ud{x n ) + tft(A). 

Let b £ A. Since V = A + mV, then A/m = V/mV. But since U C V is immediate, 
U and V have the same residue held, and hence A/m = V/mV = U/(m<~) U). 
Therefore, A = U +m = U+{x\, . . . , x n )A, and we may write b = a+x\bi+- ■ ■+x n b n 
for some a £ U and £ A. Thus since d is i7-linear, we have: 

d(b) = d{x\b\) H hd(x„6„) 

= bid(a;i) H h b n d(x n ) + xid(bi) H h x n d(b n ) 

£ hd(xi)-\ \-b n d(x n ) +tfl(A), 

where the last assertion is a consequence of the fact that xx, . . . ,x n £ tV . Now 
since V = U + tV, we may for each i write &, = cii+tsi for some cii £ U and s, G V. 
Therefore, 

d(6) G bid(xi)H h b n d(x n ) + tto(A) 

= aid(xx) -\ + a n d{x n ) + tQ(A) 

C [Jd(xi) H h Ud(x n ) + m(A), 

and this verifies that M — mR. □ 

In [35], a method due to Heinzer, Rotthaus and Sally from [TU] is used in the 
following way to link stable rings to prime ideals in the generic formal fiber. Let B 
be a local Noetherian domain tightly dominated by a DVR W and having quotient 
field Q(B), and let P be the kernel of the canonical mapping B — >■ W . Then a ring S 
properly between B and W is a bad Noetherian stable ring tightly dominating B if 
and only if S = Q(B) n (B/J), where J is a P-primary ideal of B with P 2 C J C P 
[25l Theorem 5.3]. Thus there is a smallest bad stable ring tightly dominating B 
and having normalization W, and it is given by S — F n (B/P^), where P^ 2 -* is 
the second symbolic power of P. The embedding dimension of this smallest stable 
ring S is 1 more than the embedding dimension of Bp 23J Theorem 5.3]. 

Thus, returning to our context, we have from Theorem 15.11 that R — Ker dy/A 
tightly dominates A, and hence this ring falls into the classification above. But 
since it is by the theorem the smallest bad stable ring between A and V and it 
tightly dominates A, it is must be the ring defined using the ideal P^ 2 \ Therefore, 
using also Theorem l4.4f 2) to calculate embedding dimension, we have the following 
description of R = Ker dy/A'- 

Corollary 5.2. Let U C A C V be an extension of local Noetherian domains, 
where U C V is an immediate extension of DVRs and V birationally dominates A. 
Let F denote the quotient field of V . With P the kernel of the canonical mapping 
A^rV, the ring R — Ker dy/A can be represented as 

p = pn(l/p (2) ), 
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and the embedding dimension of R is given by: 

emb.dim R = 1 + ep = 1 + emb.dim Ap. 

We next consider the case where A is essentially of finite type over U . In this 
case the embedding dimension of R depends ultimately only on the field extension 
F/Q, where Q and F are the quotient fields of U and V, respectively. 

Theorem 5.3. Let U C A C V be an extension of local Noetherian domains, 
where U C V is an immediate extension of DVRs with quotient fields Q and F , 
respectively, and V birationally dominates A. Let R — Ker dy/A- If A is essentially 
of finite type over U with Krull dimension d > 1, then 

emb.dim R = 1 + dimp Clp/Q, 

and for P the kernel of A — > V , 

emb.dim Ap = dimp flp/Q. 

Proof. Since A is the localization of a finitely generated U -subalgebra of V having 
quotient field F, the field F is a finitely generated field extension of Q. Moreover, 
since A has Krull dimension > 1, F is not algebraic over Q, and thus SIf/q 7^ 
(2.2). Also, since the image under dp/Q of any generating set of the field extension 
F/Q generates the _F-vector space VLp/Q, then Qf/q has finite dimension as an 
-F-vector space. Write A = U[x\, . . . , x„] p for some xi, . . . ,x n G A and prime ideal 
p of U[xi, . . . ,x n ]. Let K be a free 1^-submodule of £If/q such that rank(i^) = 
dimp Q f /q and dp/Q (ajj), . . . , dp/Q (%n) €K. Set T = V fl dp ,q (K ) , and observe 
that since dp/Q is [/-linear and dp/Q{xi) G K for all i, it follows that U\x\, . . . , x n ] C 
T. Since V birationally dominates A, it must be that p = 3Jty nf [xi, . . . , x„]. Now 
since V is the normalization of T (Theorem l4.1|) , T is a quasilocal ring with maximal 
ideal 9Jty n T. Thus the maximal ideal of T contracts in U[x\ , . . . , x n ] to p, and we 
conclude that ACT. By Theorem 23 T C V, K = Q(T) and T is a bad stable 
ring with normalization V. By Theorem 14.4^ 2). 

emb.dim T = 1 + dimv/<xn v K/VJlyK = 1 + rank(i"Q = 1 + dim^ Qf/q. 

Next we consider the ring R = Ker dy/A- By Theorem 15. 1[ R is a bad stable 
domain contained in every bad stable ring between A and V. In particular, R C T. 
We claim that emb.dim i? = emb.dim T. By Theorem 14.41 emb.dim R = 1 + ep < 
1+dinii? Q,p/Q- Moreover, since T is between the stable ring R and the normalization 
of R, emb.dim T < emb.dim R [351 Theorem 4.4]. Therefore, 

1 + dimp Qp/Q = emb.dim T < emb.dim R < 1 + dim^ VLp/Q, 

and hence emb.dim R = 1 + dimp fip/Q. Combining this with Corollary 15.21 com- 
pletes the proof of the theorem. □ 

Corollary 5.4. With the same assumptions as the theorem, if also F is separable 
over Q, then emb.dim R = d and the ring Ap is a regular local ring. 

Proof. Since F is separable over Q, and F is a finitely generated extension of Q, the 
dimension of Qf/q is the transcendence degree of F over Q [5j Corollary 16.17(a), 
p. 403]. Thus by Theorem [EH emb.dim R = l+tr.deg Q F. Since U is DVR, it is 
universally catenary (see for example Corollary 18.10, p. 457]), and hence, since 
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A is essentially of finite type over U, the dimension formula holds for the extension 
U C A [20l Theorem 15.5, p. 118]. In particular, 

dim(A) + tr.deg u/{mnU) A/m = dhn(U) + tr.deg Q F. 

As noted in the proof of Theorem 15. li A = U + m, so it follows that A/m = 
U/(mD U). Thus since dvm{U) = 1, the dimension formula yields d = dim(A) = 
1 + tr.degQ-F, so that 

cmb.dim R = 1 + tr.deg Q F = 1 + (d - 1) = d. 

The corollary now follows from Theorem 15.31 □ 

Thus if the quotient field Q of U is perfect and A is essentially of finite type over 
U, then Ap is a regular local ring for every dimension 1 prime ideal P of A with 
P n A — 0. This however is just a special case of the fact that a DVR with perfect 
quotient field is a G-ring; see [TTJ Remark 10.1]. 

6. Analytic ramification in positive characteristic 

In this section we show that all bad stable domains in positive characteristic arise 
as in Section 4 from derivations. The reason for this is that in positive characteristic, 
all one-dimensional analytically ramified local Noethcrian stable domains tightly 
dominated by a DVR occur within an immediate extension of DVRs. This is a 
consequence of a theorem of Bennett, which states that if R is a one-dimensional 
local Noetherian domain of characteristic p > 0, and there is a nilpotent prime ideal 
P of R such that R/P is a DVR, then there is a DVR U such that U C R C U and 
R q C U for some q= p e [2} Theorem 1, p. 133]. This implies: 

Lemma 6.1. (Bennett j2|) If the normalization of a Noetherian domain A of pos- 
itive characteristic is a DVR V that tightly dominates A, then A contains a DVR 
U such that U C V is an immediate extension. 

We apply the lemma in Theorem l6.4l to show that all bad Noetherian stable do- 
mains in positive characteristic occur as the pullback of a derivation. The theorem 
depends on two lemmas that are valid in any characteristic. 

Lemma 6.2. Let V be a DVR with quotient field F , and let Q be a subfield of F. 
Then V is an immediate extension of the DVR V C\Q if and only if F = V + Q. 

Proof. Let U = VP\ Q. If V is an immediate extension of U, then V/U is a torsion- 
free divisible f/-module. Moreover, since V is a DVR dominating U, it follows that 
F = QV. Thus from the facts that F = QV and V/U is divisible, we deduce 
that F = QV = V + Q. Conversely, if F = V + Q, then V/U = V/(Q n V) 
(V + Q)/Q = F/Q, so that V/U is a divisible torsion-free [/-module, and hence 
U C V is an immediate extension of DVRs. □ 

Lemma 6.3. Let V be a DVR with quotient field F , let K be a torsion-free V- 
module such that K/'WlyK is a nonzero finitely generated V -module, and suppose 
D : V — > FK is a derivation such that FK is generated as an F-vector space by 
D(V). IfV = Ker D + cV for some ^ c e 9Jl v H Ker D, then R = D~ l (K) is 
bad Noetherian stable domain. 
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Proof. Let U = Ker D, and let Q be the quotient field of U . We show first that 
U C V is an immediate extension of DVRs. It suffices by Lemma 16.21 to verify 
that U = V n Q and F = V + Q. Clearly U C V H Q. Let w e V f\Q, and 
write u = f where a, b g Ker Z? with 6^0. Then since -D(6) = 0, we have 
bD(v) — D(a) — 0, and since K is torsion-free, D(v) = 0. Thus u G Ker D, 
which shows that V n Q = U. Now to see that F = V + Q, observe that since 
U contains a nonzero element in the maximal ideal of V, it suffices to show that 
QV C V + Q. Let O^ae Ker D and u G V. We claim a" 1 ^ e Q + V. Since V 
is a DVR, there exists k > such that c fc € aV, and hence from the assumption 
that V — Ker D + cV, it follows that V — Ker D + aV. Thus w = b + aw for some 
b € Ker D and w € V, and hence a _1 w = a _1 & + u; G Q + V, which proves the 
claim that U C V is immediate. 

Now let C = t/ \ {0}. As noted above, Vc = F. Since by assumption FK is 
generated as an F- vector space by D(F), Proposition 13 . 51 implies that the mapping 
R V * K : r t-> (r, D(r)) is an analytic isomorphism along C. As in the proof of 
Theorem l4.4f 1). this implies that the ring R is isomorphic to V*K. In particular, 
since Kj^fflyK is a nonzero V^-module, then K ^ and hence there is a nonzero 
prime ideal P of R such that P 2 = and R/P is a DVR. Thus by (2.5), R is a bad 
stable domain. Also, as in the proof of Theorem l4.4f 2). since K/fMyK is a finitely 
generated ^-module, R is a Noetherian domain. □ 

Theorem 6.4. The following are equivalent for a quasilocal domain (i?,m) of pos- 
itive characteristic. 

(1) R is a bad Noetherian stable domain. 

(2) The normalization V of R is a DVR and there exists a torsion-free V- 
module K with K/DJlyK a nonzero finitely generated V -module, and a 
derivation D : V — > FK such that D(V) generates FK as an F-vector 
space, R = -D -1 ^) an d V = Ker D + ™V ■ 

Proof. Suppose that R is a bad Noetherian stable domain. Then by (2.4), V is a 
DVR that tightly dominates R, and hence by Lemma HTT1 there exists a DVR U C R 
such that U C V is an immediate extension. By Theorem 14. 1[ R = V"nd^g(0(ii)), 
where Q and F are the quotient fields of U and V^, respectively. By Theorem l4.4f 2). 
n(R) /dJlyi}(R) is a nonzero finitely generated ^-module. Let D be the restriction 
of dp/Q to V". By definition, D(R) generates f2(i?) as a ^-module, and hence -D(V) 
generates Fil(R) = Qf/q as an F-vector space. Moreover, R = D^ 1 (ft(R)), and 
since D is [/-linear and V/U is a divisible [/-module, it follows that V = Ker D + cl/ 
for all 7^ c e [/. Hence V = Ker D + mV, and this verifies statement (2). The 
converse, that (2) implies (1), in given by Lemma 16.31 □ 

These ideas also lead to a characterization in Theorem 16.51 of the DVRs of pos- 
itive characteristic which are the normalization of an analytically ramified local 
Noetherian domain. 

Theorem 6.5. The following are equivalent for a DVR V having quotient field F 
of positive characteristic p. 

(1) V is the normalization of an analytically ramified local Noetherian domain. 

(2) There exists a subfield Q of F such that F = V + Q and F ^ Q[F P ]. 
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Proof. To see that (1) implies (2), let R be an analytically ramified local Noetherian 
domain having normalization V. As discussed before Corollary 14.21 every one- 
dimensional analytically ramified local Noetherian domain has a bad 2-generator 
overring. Thus there exists a bad Noetherian stable ring S having normalization 
V, and by (2.4), S is tightly dominated by V. Thus by Lemma IrTTl there exists a 
DVR U C S such that U C V is an immediate extension. Let Q be the quotient 
field of U. Then by Corollary 14.21 F ^ Q[F P ], and since U C V is immediate, 
V/U is a divisible {/-module and QV = F. Thus if ^ u € {J and i? € V, writing 
f = it' + «w for some u' € {/ and u> s V, we have u~ 1 v — u^u' + w £ Q + V , 
which, since F — QV, proves that F = V + Q. The converse, that (2) implies (1), 
follows from Corollary 14.21 and Lemma ROl □ 

7. Prescribed normalization 

The DVRs of positive characteristic that are the normalization of an analyti- 
cally ramified local Noetherian domain were characterized in Theorem 16.51 In this 
section we describe additional cases where a given DVR is the normalization of 
an analytically ramified local ring. The first case involves equicharacteristic DVRs 
with "large" quotient field. 

Theorem 7.1. Let V be an equicharacteristic DVR with quotient field F having 
a countable subfield k contained in V such that F is separably generated and of 
infinite transcendence degree over k. Then for every d > 1, V is the normalization 
of a bad Noetherian stable ring of embedding dimension d. Moreover, V is the 
normalization of a bad stable domain that is not Noetherian. 

Proof. In [24] Lemmas 3.1 and 3.2] it is shown that since F/k is a separably gener- 
ated field extension of infinite transcendence degree, where k has at most countably 
many elements and V is a fc-subalgebra of F having quotient field F, then for any 
t £ V there exists a ring U such that k[t] C U C V, V/U is a torsion-free divisible 
[/-module and, with Q the quotient field of U, dim^ £If/q is infinite. Thus, choos- 
ing t £ V such that tV is the maximal ideal of V, there exists a subring U of V 
such that V/U is a torsion- free divisible module and t £ U. The fact that V/U is 
torsion-free implies that U = QD V. Also since V/U is divisible and F = VQ, then 
F = V + Q, so that by Lemma [6721 U C V is an immediate extension of DVRs with 
dimp SIf/q infinite. Theorems 14. II and 14.41 now complete the proof. □ 

Since fields extensions in characteristic are separable, we deduce 

Corollary 7.2. If V is a DVR of equicharacteristic that has infinite transcen- 
dence degree over its prime subfield, then for each d > 1, V is the normalization of 
a bad Noetherian stable domain of embedding dimension d. □ 

In particular, every uncountable DVR of equicharacteristic is the normalization 
of an bad Noetherian stable domain. 

Next we consider the case of algebraic function fields F/k, and we character- 
ize the DVRs in F/k that are the normalization of an analytically ramified local 
Noetherian fc-algebra. The emphasis in the theorem is thus on staying inside the 
category of fc-algebras. By a DVR in F/k we mean a DVR that is a /c-algebra 
having quotient field F. A divisorial valuation ring in F/k is a DVR V in F/k such 
that tr.deg fe y/9Jt v = tr.deg fcJ F - 1. 
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Theorem 7.3. Let F/k be a finitely generated field extension, and let V be a DVR 
in F/k such that V/DJly is a finitely generated extension of k. Then the following 
statements are equivalent. 

(1) V is the normalization of an analytically ramified local Noetherian domain 
containing k. 

(2) V is the normalization of a bad stable ring containing k and having embed- 
ding dimension d = tr.deg k F — tr.deg k V/V)lv ■ 

(3) V is not a divisorial valuation ring in F/k. 

Proof. That (2) implies (1) is clear. To see that (1) implies (3), let R be an 
analytically ramified local ring having normalization V, and suppose by way of 
contradiction that V is a divisorial valuation. Then, as noted in the proof of 
Theorem l6.5[ we may assume without loss of generality that R is a bad stable ring 
having normalization V; as such, since by (2.4), V/R is a divisible _R-module, R has 
the same residue field as V. Thus with n — tr.deg fc F and M the maximal ideal of R, 
there exist units xi, . . . , x n -i G R such that the images in R/M of these elements 
are algebraically independent over k. Therefore, if ^ f € k[Xi, . . . , X n -x], then 
f(xi, . . . ,x n -i) $ M, and this implies that k(x±, . . . , x n _i) C R. Since R has 
quotient field F, there is a finitely generated k(Xi, . . . , X„_i)-subalgebra A of R 
with quotient field F. Since tr.deg k F = n, it follows that A is a one-dimensional 
Noetherian domain, and as a finitely generated algebra over a field, A, and hence 
every overring of A, has finite normalization. (Indeed, if B is an overring of A and 
A is the normalization of A, then since A is a Dedekind domain, it follows that 
BA is the normalization of B. Thus since A has finite normalization, then so does 
B.) But since R is analytically ramified, R does not finite normalization, and this 
contradiction implies that V is not a divisorial valuation ring. 

Finally, to see that (3) implies (2), let r — tr.deg k V/9Jlv ■ Then as above, 
there exist algebraically /c-independent elements X\,...,x r of V such that k' := 
k(xi, . . . , x r ) C V. Let A be a finitely generated fc'-subalgebra of V with quotient 
field F. Then since V/DJty is algebraic over k' , m := DJly H A is a maximal ideal 
of A. Since also V/DJly is finite over k' , we may enlarge A by adjoining finitely 
many elements of V to obtain that V tightly dominates B := A m . Now B has 
Krull dimension tr.deg fc _F — r = d > 1 (here we are using the assumption that 
r < d — 1), so as discussed before Corollary [521 there is a bad stable ring S having 
normalization V and embedding dimension 1 more than the embedding dimension 
of -Bp, where P is a certain dimension one prime ideal of B with POB = 0. Since B 
is excellent, the ring Bp is a regular local ring, and hence its embedding dimension 
is d — 1. Therefore, S has embedding dimension d. □ 

We next consider two cases, one in which V is a DVR that contains a coefficient 
field and the other a special instance of mixed characteristic. In the former case 
we can describe some of the bad stable subrings of V, while in the latter we can 
describe all the bad stable subrings of V which share their quotient field with V 
and for which the relevant prime integer p of V is not a unit. 

Proposition 7.4. Let V be a DVR with residue field k and quotient field F , and 
let t E V be such that tV is the maximal ideal ofV. Then the following statements 
hold for V . 

(1) Suppose V = k + tV. If Opyfc( t ) = 0, then no ring containing k[t] and 
having normalization V is an analytically ramified local Noetherian domain. 
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Otherwise, if^F/kit) 7^ 0, then there is a one-to-one correspondence between 
the proper full V -submodules 0/ Oj?/w ( ) and the bad stable rings containing 
k\t]f£\ and having normalization V . 

(2) Suppose V has characteristic 0, k has exactly p elements (p a prime), and 
pV is the maximal ideal of V . If F/Q is algebraic, where Q is the field of 
rational numbers, then no proper subring of V having quotient field F and 
normalization V is an analytically ramified local Noetherian domain. Oth- 
erwise, if F/Q is not algebraic, then there is a one-to-one correspondence 
between the full V-submodules offlp/Q and the quasilocal one- dimensional 
stable rings R birationally dominated by V such that pR 7^ R. 

(3) For any such proper stable subring R of V arising as in (1) or (2), R is a 
bad stable domain with normalization V . Moreover, R can be chosen to be 
Noetherian of embedding dimension n+1, as long as n is selected in (1) such 
that 1 < n < dirnp &,F/k(t), an d in (2) such that 1 < n < dim^ Qp/Q. If 
either of these vector space dimensions is infinite, then in the corresponding 
case, R can be chosen to be a non- Noetherian bad stable domain. 

Proof. (1) With U := i the extension U C V is immediate, so by Theorem 14. II 
there is a one-to-one correspondence between the nonzero full ^-submodules of 
^F/fe(t) an d the stable rings R occurring between U and V and having normalization 
V. Suppose that R is an analytically ramified local Noetherian domain having 
normalization V and containing U. Then R has dimension 1, and by Theorem 15. II 
there exists a bad Noetherian stable ring between R and V, in which case by the 
correspondence, fl F ^ k ^ ^ 0. 

(2) We view U := Z( p ) (the ring of integers localized at the prime ideal (p)) as a 
subring of V. Then U ~ VD Q, and since the residue field of V has p elements and 
the maximal ideal of V is pV, we have V = U +pV. Hence U C V is an immediate 
extension. Statement (2) follows now as in (1) from Theorems 14.11 and 15.11 (We 
are using implicitly here that F/Q is algebraic if and only if flp/Q — 0; see (2.2).) 

(3) Let Q denote the quotient field of U, where U is as in (1) or (2), depending 
on which case we wish to consider. Let n be such that n < dim^? Clp/Q, where we 
admit the possibility that n is infinite. Let K be a full y-submodule of &f/q such 
that K is the direct sum of a rank n free y-submodule of Qf/q a- n d a divisible 
F-submodule. With R := V n dp]g(K), we have by Theorem 14. II that R is a bad 
stable domain. Moreover, by Theorem l4.4| R is Noetherian of embedding dimension 
n + 1 if and only if n is finite. Also, by Proposition 14. 4| n < dimj? Qp/Q. This 
proves (3). □ 

In Theorem 17.61 we apply the proposition to determine when certain complete 
DVRs are the normalization of an analytically ramified local Noetherian domain. 
The theorem depends on the next lemma, where we calculate the dimension of 
&k((x))/k(X) in two cases. In the first case in which k is perfect of characteristic 
p (i.e., k — k p ), we see that the module of Kahler differentials is trivial, while 
in a case at the other extreme, where not only is k 7^ k p but [k : k p ] is uncountable, 
then this module has infinite dimension as a A;((X))-vector space. Statement (2) 
of the lemma is mentioned without proof in [6l Remark 3.7(i)]. We supply a proof 
here for the sake of completeness. 

Lemma 7.5. Let k be a field of positive characteristic p, and let X be an indeter- 
minate for k. 
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(1) Ifk is perfect, then Qk((X))/k(x) = 0. 

(2) If [k : k p ] is uncountable, then Qk({X))/k(x) has infinite dimension as a 
k((X))-vector space. 

Proof. (1) Let F = k((X)). Then to show that tt F/k (x) = 0, it is by (2.2) sufficient 
(and necessary) to show that F = k(X)[F p ]. Moreover, since k(X)[F p ] is a held 
and F is the quotient field of fe[[-X]], we need only show that fe[[-X"]] C k(X)[F p ]. 
To this end, let z £ fe[[X]], and write z — ~Y^L cnX % , where en £ k. For each 
j = 0, 1, . . . ,p — 1, define 

oo 

7 ■ — \ " n - , ■ Y ip+ 3 
i=0 

so that z = zq + z\ + • • ■ + Zp_i. Then since k is perfect of characteristic p, 

oo oo / oo 

zj = a iP+3 x v+3 = * 3 a w+J xip = xj Y.^ p +o) 1/Pxt 

i=0 i=0 \i=l 

Therefore, z } £ k(X)[F p ], so that z = z + • • • + z v -\ £ k(X)[F p ], proving that 
F = k(X)[F p ]. 

(2) Let F = k[k p ((X p ))}. We first claim that [k((X)) : F] is infinite. Suppose 
the contrary. Then there exist z\, . . . , z n £ k((X)) such that 

k({X)) = Fz! + --- + Fz n . 

Now there exists m £ Z such that each Zj is of the form Zj = 'Yl< i - >m o~iX t , where 
5i £ k. Let L be the subfield of k generated by k p and all the coefficients Si of 
all the Zj. Then [L : k p ] is countable, so since [k : k p ] is uncountable, the L- 
vector space k has infinite dimension. With this in mind, let oto, ol\, 012, ■ ■ ■ be 
elements of k that are linearly independent over L, and define w = ^2i>o aiXl - 
Then since w £ k((X)) — Fz\ + • • • + Fz n , there exist fx, . . . , f n £ F such that 
w = f\Z\ + • ■ ■ + f n z n . Now there exists t > such that for each j = 1, 2, . . . , n, we 
may write 

fi = fa E + ■ ■ ■ + fa E ^ xw > 

i i 

where /3j£,7j m i € k, and i is allowed to range over some set of integers containing 
a lower bound. Then 

fj = J2(fa^u+---+fa^u) xip , 

i 

and so the coefficients of fjZj are in the L- vector space L(3ji + • • • + Lf3j t . Hence 
the coefficients of w = fiZ% + • • • + f n z n are in the finite dimensional L-subspace of 
k generated by {f3j£ : 1 < j ' < n, 1 < £ < t}. But then oto, d\, ■ ■ ., are in this finite 
dimensional L-subspace of F , which contradicts the choice of the oti as elements of 
F which are linearly independent over L. This proves that [k((X)) : F] is infinite. 

Now to show that £lk((X))/k(x) h as infinite dimension as a fc((X))-vector space, 
it suffices to show that k{{X)) has an infinite p-basis over k(X); see [501 Theorem 
26.5, p. 202]. Thus, since k((X)) p = k p ((X p )), it is enough to prove that 

[k((X)):k(X)[F]] = oc. 

Observe that 




[k((X)) : F] = MX)) : k(X)[F]} ■ [k(X)[F] : F] , 
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and since [k((X)) : F] is infinite and [fc(X)[F] : F] is finite (note that X is algebraic 
over F), we conclude that [k((X)) : k(X)[F]] is infinite, and this proves (2). □ 

Theorem 7.6. Let V be a complete DVR with residue field k. 

(f ) If V has characteristic p ^ and k is perfect, then there does not exist an 
analytically ramified local Noetherian domain containing k whose normal- 
ization is V . 

(2) If either (a) V = 1 V , (b) V and k have characteristic 0, or (c) V has 
characteristic p ^ and [k : k p ] is uncountable, then for every d > 1 there 
exists a bad Noetherian stable domain of embedding dimension d whose 
normalization is V . There also exists a non- Noetherian bad stable domain 
whose normalization is V . 

Proof. (1) By the Cohen structure theorem for complete local rings, we may assume 
that k C V, where k is as in (1); see [3]. Suppose there exists an analytically ramified 
local Noetherian domain that contains k and whose normalization is V. Then, as 
noted before Corollarv l6.5l a theorem of Matlis shows there exists a bad Noetherian 
stable domain R that contains k and whose normalization is V. Since V/ R is a 
divisible _R-module, the maximal ideal of V is extended from the maximal ideal of 
R, and hence since V is a DVR, there exists t g R such that tV is the maximal 
ideal of V. Then k[t]/ t ) C i?, and by the structure theorem, V = k[[t)]. But by 
Lemma [7751 Q, k ^y k ^ = 0, so by Theorem 17. 4f 1). no such ring R can exist. 

(2) If V = Z p , then since Q p has infinite transcendence degree over the charac- 
teristic field Q, the Q p - vector space f2^ ^ has infinite dimension [5J Corollary 
AI.5(a), p. 567], and hence the claim follows from Theorem I7.4f 2) and (3). The 
case where V and k have characteristic is decided by Corollary [72] Finally, if V 
has characteristic p ^ (so that also k has characteristic p) and [k : k p ] is uncount- 
able, then V = k[[i\] for some t € V, and by Lemma T7.5r 2). Q.k((t))/k(t) nas infinite 
dimension as a vector space over k((t)). In this case also we apply Theorem 17.41 to 
prove the claim. □ 

An immediate consequence of the theorem is that there exist non-Noetherian 
stable domains of Krull dimension 1: 

Corollary 7.7. Let k be a field either of characteristic or of characteristic p =/= 
such that [k : k p ] is uncountable, and let X be an indeterminate for k. Then there 
exists a non-Noetherian bad stable domain R whose normalization is k[[X]]. 

8. Local rings with normalization a complete DVR 

In this section we examine more closely the case in which an analytically ramified 
local Noetherian domain has normalization a complete DVR. In particular, we 
use Maths' theory of Q-rings to characterize in Theorem 18.41 the bad 2-generator 
domains whose normalization is a complete DVR, and with this we recover in 
Corollary 18.51 a characterization due to Matlis of the analytically ramified local 
Noetherian domains having normalization a complete DVR. 

In the article [19] , Matlis introduced the notion of a Q-ring to study the domains 
R with quotient field Q which have an i?-module L such that Homn(Q, L) = and 
Ext^j(Q,L) = Q. The motivation for studying such rings was a question from 
singular cohomology (ultimately answered in the negative) of whether the ring of 
integers possessed such a module. Matlis proved in Theorem 2.1 of [19] that the 
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existence of such an i?-module was equivalent to R being what he termed a "Q-ring," 
which we define momentarily. The Q-rings fall into three classes, depending on the 
number of proper nonzero ^.-divisible i?-submodules of Q/R, where an R- module L 
is h-divisible if L is a homomorphic image of a divisible torsion-free i?-module. If R 
is a Q-ring, then Q/R has either 0, 1 or 2 proper nonzero /i-divisible i?-submodules 
[191 Theorem 3.4]. 

An integral domain R with quotient field Q is a Q-ring if Ext^(Q, R) = Q. The 
domain R is a Qo-, Qi~, or Q^-ring depending on whether Q/R contains 0, 1 or 2 
proper nonzero ^.-divisible i?-submodulcs. In the case where F denotes the quotient 
field of R, we still use the term Q-ring (as opposed to, say, _F-ring) to describe the 
situation in which ExtJj(F, R) = F. Recall that the rank of a torsion- free module L 
over a domain R with quotient field F is the dimension of the F- vector space F®rL. 
The following lemma uses the notion of completion in the ideal topology, which was 
discussed in (2.5): If R is a domain, then R = \vaiR/rR, where r ranges over the 
nonzero elements of R. The rank of the completion of R determines whether R is 
a Q-ring: 

Lemma 8.1. (Matlis [T9] Theorem 2.2]) A domain R is a Q-ring if and only if 
the rank of the torsion-free R-module R is 2, where the completion is with respect 
to the ideal topology on R. 

We consider now Qi-domains whose normalization is a DVR. 

Lemma 8.2. (Matlis [TU Theorem 4.3]) Let R be a Qi-domain with quotient field 
F, and let B/R be the unique proper nonzero h-divisible R-submodule of F/R. 
Then B is a ring and there is a unique minimal prime ideal P of R, where R is the 
completion of R in the ideal topology, such that R/P = B; P = Homjj \{F / R, B/R): 
and P 2 = 0. 

The assertion that P 2 — is not in the statement of Matlis' theorem but it can 
be found in the proof. The next lemma follows from results in [25], and can be 
viewed as another characterization of bad 2-generator domains. 

Lemma 8.3. Let R be a bad stable domain with normalization V and quotient field 
F. Then every R-submodule ofV/R admits a unique V -module structure extending 
the R-module structure, and the following statements are equivalent. 

(1) V/R is an indecomposable R-module. 

(2) V/R has no proper nonzero divisible R-submodules. 

(3) V/R is the unique proper nonzero divisible R-submodule of F/R. 

(4) R is a bad 2-generator ring. 

Proof. Since V/R is a torsion divisible i?-module and R C V is a quadratic exten- 
sion, we may apply Lemma I3.1f 4) to obtain that V/R is a ^-module, and from 
this it follows that this V-module structure induces a ^-module structure on every 
i?-submodule of V/R; see (25] Lemma 3.1]. 

(1) =>■ (2) Suppose that B/R is a proper nonzero divisible i?-submodule of V/R. 
As above, B/R is a V-submodule of V/R, and since R and V share the same 
quotient field, it follows that B/R is a divisible V-submodule of V/R. Then since 
V is a DVR, B/R is an injective ^-module, and hence is a summand of V/R. This 
shows that if V/R is indecomposable, then there are no nonzero proper divisible 
T/-submodules of V/R. 
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(2) => (3) Suppose that B is an i?-submodule of F containing R such that B/R 
is a proper nonzero divisible i?-submodule of F/R. A straightforward argument 
shows that the divisibility of this module implies that B is a ring. But since 
the normalization of R is V and R C B, it follows that 1/ is a subring of the 
normalization of B. Yet V is a DVR, so this forces V to be the normalization of 
B, and hence B CV. Thus by (2), B/R = V/R. 

(3) (1) Suppose that V/i? = (Bi/i?) © (5 2 /i?) for some i?-submodules B 1 
and i?2 of V containing R. Then as an image of V/R, each of B\/R and B^/R 
is a divisible i?-module. Thus by (3), B\ = V or B2 = V, and hence V/R is an 
indecomposable i?-module. 

(1) (4) Assume (1). Then by (2.4), V/i2 is isomorphic to F/V as V-modules. 
It follows that the y-submodules of V/R form a chain under inclusion. But, as 
noted above, every i?-submodule of V/R is also a F-submodule, so the set of R- 
submodules of V / R forms a chain. Let M denote the maximal ideal of R, and let 
Ri = {q E F : qM C M}. Then since M is a stable ideal, M = mR\ for some 
m E M . If i?i = R, then M is a principal ideal of R and J? = V, a contradiction 
to the assumption that R is a bad stable domain. Thus R\/R is a nonzero R/M- 
vector space, and since R\/R C V/R and the i?-submodules of V/R form a chain, 
it must be that R±/R has dimension 1 as a vector space. Therefore, there exists 
x E R\ such that R\ — xR + R, and consequently, M = mRi = raxR + mR. Thus 
R is a stable domain with a maximal ideal that can be generated by 2 elements. 
Therefore, since the maximal ideal has reduction number < 1, the multiplicity of 
R is at most 2. Consequently, every ideal of R can be generated by 2 elements [28j 
Theorem 1.1, p. 49]. 

(4) =>■ (1) Assume (4). Since every ideal of R can be generated by 2 elements, 
the i?-submodules of V/R form chain under inclusion (see for example [231 Lemma 
3.5]), and hence V/R is indecomposable. □ 

With the lemma, we characterize bad 2-generator domains with normalization a 
complete DVR. 

Theorem 8.4. A ring R is a bad 2-generator domain whose normalization V is 
a complete DVR if and only if R is a one- dimensional quasilocal Qi-ring tightly 
dominated by V . 

Proof. Suppose that R is a bad 2-generator domain with V a complete DVR. Then 
by Lemma 18.31 V/R is the unique proper nonzero divisible i?-submodule of F/R 
(where F = quotient field of R) and it follows that V tightly dominates R. Also, 
by (2.5), there exists a prime ideal P of R such that P 2 = and R/P = V. 
(Here the completion is with respect to the ideal topology.) A theorem of Maths 
shows that in this case, P = HoniR(i<7V, V/R) [HI Theorem 2.6]. But since R 
is a bad 2-generator domain, V/R = F/V (2.4), so that P ^ Rom R (F/V, F/V). 
As a ring, Homji(F/V, F/V) is isomorphic to V [El Theorem 2.2], so we see then 
that P = V = V, since V is a complete DVR. Thus since P is isomorphic to the 
-R-submodule V of F, P has rank 1 as a torsion-free i?-module, as does R/P = V, 
so necessarily R has rank 2 as a torsion-free i?-module. By Lemma 18. 1[ R is a 
Q-ring, and hence since V/R is the unique proper nonzero divisible i?-submodule 
of F/R, R is a Qi _rm g- (Recall here that divisible = /i-divisible for quasilocal 
domains of Krull dimension 1, or, more generally, for Matlis domains Theorem 
VII.2.8, p. 253].) 



ONE-DIMENSIONAL BAD NOETHERIAN DOMAINS 



27 



Conversely, suppose that R is a Qi-ring with V/R a divisible i?-module. Then 
by Lemma [821 there exists a prime ideal P of R such that P 2 = and R/P = V. 
Therefore, by (2.5), R is a bad stable domain. Moreover, since R is a Qi-ring 
and V/i? is /i-divisible, it follows that V/R contains no proper nonzero divisible 
-R-submodules. Therefore, by Lemma [831 R is bad 2-generator ring. □ 

From the theorem, we recover Maths' characterization of Noetherian domains 
with normalization a complete DVR [T9J Theorem 6.7]: 

Corollary 8.5. (Matlis) Let R be a one- dimensional analytically ramified local 
Noetherian domain. Then the normalization V of R is a complete DVR if and only 
if there exists a Qi-ring T with R C T C V . Moreover, the Qi-ring T can be chosen 
to be a bad 2-generator ring. 

Proof. Suppose V is a complete DVR. As discussed before Corollary |4.2[ there exists 
a bad 2-generator ring T that birationally dominates R. Since necessarily T C V 
and hence T has a local normalization, it must be that V is the normalization of 
T. Therefore, by Theorem El T is a Qi-ring. 

Conversely, suppose that R C T C V with T a Qi-ring. Let B/T be the unique 
proper nonzero /i-divisible T-submodule of F/T. Then by Lemma f8.2[ R/P = B 
for some prime ideal P of R. Therefore, B is a complete local Noetherian domain, 
and as such its normalization is a complete DVR (see for example [HI Theorem 
10.4, p. 93]). Since B C V, this forces the normalization of B to be V, and hence 
V is a complete DVR. □ 

In [19] , Matlis constructed a Qi-ring in characteristic 2, and asked whether there 
exist Qi -rings in any other characteristics? Using the results in this section, we find 
many other such examples in all characteristics: 

Corollary 8.6. Let V be a complete DVR with residue field k, and suppose that 
either: 

(a) k has characteristic 0, 

(b) V and k have characteristic p ^ and [k : k p ] is uncountable, or 

(c) V = %. 

Then there exists a Qi-ring R such that R is a bad 2-generator ring and the nor- 
malization of R is V . 

Proof. In all cases, Theorem 17.61 implies that there exists a bad Noetherian stable 
domain whose normalization is V. An application of Corollary 18.51 now completes 
the proof. □ 

Acknowledgment. I thank the referee for helpful comments that improved the 
paper. 
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